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Abstract—Distributed Quantum Computing (DQC) enables the
execution of quantum circuits across multiple interconnected
quantum processing units (QPUs) but requiring efficient qubit
allocation and network topology design to optimize computational
performance. Proper qubit allocation minimizes entanglement
costs across QPUs, balances computational workload, and en-
sures efficient execution of quantum computing tasks. Meanwhile,
network topology plays a crucial role in reducing entanglement
routing complexity and communication overhead for remote
quantum gate operations. Therefore, in this paper, we propose a
joint optimization framework for network topology design and
qubit allocation in DQC to minimize communication overhead.
We formulate the problem as a tractable integer nonlinear
programming model that explicitly incorporates entanglement
routing, thereby ensuring a more tractable optimization process.
To improve computational efficiency, we present a partially
linearized version of the problem, making it solvable using any
classical optimization solver. To further address the scheduling
of large-scale quantum circuits, we develop heuristics from
edge contraction in the qubit interaction graph to pre-assign
groups of qubits to QPUs, ensuring that our method remains
effective at scale. Extensive simulations on real-world quantum
circuits over various quantum clusters or distributed quantum
networks validate the effectiveness of our proposed approach,
demonstrating its capability to handle complex quantum circuits
while reducing communication costs in DQC.

Index Terms—Topology Design, Qubit Allocation, Quantum
Networks, Distributed Quantum Computing

I. INTRODUCTION

Distributed quantum computing (DQC) [1] represents a
promising paradigm for scaling quantum computing beyond
the physical limitations of individual quantum processing units
(QPUs). In DQC, multiple quantum nodes, each with its own
QPU processor, are interconnected via quantum communica-
tion channels (as illustrated in Fig. 1) to collaboratively exe-
cute tasks that exceed the capacity of any single node. Such an
approach leverages entanglement and quantum swapping over
the underlying quantum network to facilitate inter-node com-
munication, thereby enabling the distribution of quantum states
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Fig. 1. Distributed quantum computing (DQC): a set of QPUs are inter-
connected via a quantum network, and each QPU has certain amount of
physical qubits which can be used as data qubits or communication qubits.
The quantum link between QPUs cloud be a multi-hop path.

and operations. DQC has great potential for solving large-scale
problems in areas like optimization, artificial intelligence [2],
cryptography, and material simulation, thus positioning itself
as a cornerstone for future quantum technologies.

Distributed quantum computing differs from classical dis-
tributed computing in several key ways. DQC leverages
qubits, which can exist in superposition and entanglement,
enabling parallelism beyond classical capabilities. However,
unlike classical distributed systems, where data can be copied
and transmitted via inter-connected networks easily, DQC
relies on quantum entanglement and teleportation for quantum
communication [3]–[7], facing challenges due to qubit fragility
and decoherence. Therefore, while classical distributed sys-
tems scale efficiently with established resource management
techniques, DQC requires more careful qubit allocation and
network topology design.

In DQC, a quantum algorithm (or quantum circuit) over
multiple data qubits (called logical quibts) needs to be dis-
tributed to a group of QPUs so that it can be collaboratively
performed. Each QPU has certain physical qubits which can
be used for either computation or communication purposes, as
shown in Fig. 1. Qubit allocation is the process of efficiently
assigning and managing qubits across multiple interconnected
QPUs to optimize computational performance, as shown in
Fig. 2. Proper qubit allocation is crucial for DQC because: 1)
Allocating qubits must minimize the need for long-distance
entanglement generation between QPUs, which is costly due to
decoherence and fidelity loss; 2) Qubits are a scarce resource,
and their allocation must balance computational workload
and entanglement needs; and 3) Allocating qubits efficiently
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Fig. 2. Qubit allocation and topology in DQC: mapping a qubit interaction graph (QIG, modeled by graph G′) onto the quantum network (QN, modeled by
graph G) to minimize the communication cost. Here, the weight on a link in G′ is the number of two-qubit gate operations between two logical quibts. Note
that the quantum circuit is for illustration purposes only, and it is by no means meant as a realistic circuit.

ensures that distributed quantum computing tasks are executed
with minimal latency and maximal parallelism. Effective qubit
allocation strategies also need to consider network topology,
available quantum links and entanglement resources, and error
rates to enhance the efficiency of DQC systems.

Current research in distributed quantum computing or quan-
tum networks focuses on several key challenges separately
such as optimizing qubit allocation [8]–[10] or circuit dis-
tribution [11]–[20] across nodes to reduce communication
cost, designing efficient network topologies [21], [22] to
better serve given demands, optimizing quantum compiler
framework [23]–[25], and overcoming the inherent noise and
decoherence [26]–[28] to improve connection quality in DQC.
[29] considers both qubit allocation and topology but still
optimize them in separated stages.

Motivated by the above facts, we consider the co-design of
network topology and qubit allocation for DQC to minimize
the total communication overhead while fulfilling faster and
reliable entanglement distribution for supporting the execution
of remote gates in DQC tasks. Note that DQC tasks require
frequent qubit iterations and entanglement swappings between
QPUs in the underlying quantum network. A well-designed
topology can minimize entanglement routing complexity, re-
ducing communication cost and decoherence. While Mao et
al. [29] have studied a similar topology design problem in
DQC, they do not explicitly model the swapping routing into
the optimization problem, which makes their optimization
problem challenging to solve. In addition, solely relying on the
shortest paths between QPUs as the entanglement route limits
the performance of their proposed solution. In this paper, we
first formulate the co-design problem as an integer nonlinear
programming problem, where the entanglement routing has
been embedded directly in the formulated problem. Then,
we further convert this problem into a simpler format via
partial linearization, which enable more efficient solving by the
solver. Both problems can be solved by any classical solver,
such as Gurobi [30] and CPLEX [31]. However, if the quantum
circuit is large, directly solving even the partially linearized
one is still challenging. Therefore, we further propose several
heuristics to i) contract edges in the qubit interaction graph so
that some logical qubits are grouped and distributed to QPUs

together, and/or ii) pre-assign qubit groups to QPUs to simplify
the optimization. By doing so the proposed methods are able
to handle larger scale quantum circuits. Finally, we conduct
extensive simulations using real-world quantum circuits over
various quantum clusters and distributed quantum networks.
Results confirm the efficiency of our proposed formulation
and solution.

In summary, the highlights of this paper are as follows.
• We consider the joint topology design and qubit alloca-

tion problem in DQC with the goal of minimize the total
communication cost while serving all demanding remote
gate operation requests in DQC. We formulate this prob-
lem as an integer non-linear programming by explicitly
defining the entanglement path between QPUs. We then
further provide a simplified version of the problem which
enable more efficient solving by the classical solver.

• To further improve the chance of efficient solving of
the formulated problem over larger quantum circuits, we
also propose edge contraction and pre-assignment based
solutions to reduce the complexity of qubit allocation
problem by grouping certain logic qubits into groups (and
distributed them to the same QPU), and/or pre-assign
qubit groups to QPUs.

• We conduct extensive simulations to evaluate our pro-
posed methods and their applications in various settings
and applications. Simulations have demonstrated that
our proposed further simplification, edge contraction,
and pre-assignment methods make the complex problem
easier to solve at scale.

The remainder of this paper is organized as follows. Sec-
tion II briefly reviews the existing works in DQC and Sec-
tion III introduces our system model. The joint optimization
problem is formulated in Section IV. Section V shows how
to handle large scale quantum circuits. Evaluations of the
proposed method are provided in Section VI. Finally, Sec-
tion VII concludes the paper with possible future directions.
A preliminary version of this paper appears as [32].

II. RELATED WORKS

DQC [1] has three different architypes: multi-core, multi-
computer, and multi-farm architectures. Regardless of the
DQC types, qubit allocation plays a crucial role in optimizing
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computation efficiency, minimizing communication overhead,
and ensuring the reliability of quantum circuits across multiple
QPUs. In this section, we briefly review existing works on
qubit allocation in DQC.

A. Quantum Circuit Partitioning and Scheduling

Many works have investigated quantum-circuit partitioning
for distributed execution in DQC. Sundaram et al. [11] first
partition a circuit across QPUs and then determine a small
set of qubit migrations, based on cat-entanglement operations,
to execute non-local gates. Their subsequent works [12], [13]
explore teleportation-based circuit distribution over quantum
networks, aiming to minimize the number of teleportations
required for gates spanning multiple QPUs. Dadkhah et
al. [14] reorder qubit placement to improve execution time
and then use a genetic algorithm to partition the circuit while
reducing teleportation costs. Baker et al. [15] propose time-
sliced circuit partitioning for modular quantum architectures,
optimizing the mapping of each time slice to reduce data-
movement costs between consecutive slices. Other works [16]–
[20] employ techniques such as hypergraph partitioning [19],
dynamic programming [17], and evolutionary algorithms [20]
to optimize circuit distribution.

These works primarily minimize inter-QPU communication
or teleportation costs, generally without explicitly considering
network conditions and entanglement availability. Ferrari et
al. [23], [24] study DQC compiler design, derive theoretical
bounds on compilation overhead, and develop a modular
compilation framework that considers both network and de-
vice constraints. More recently, Zhang et al. [33] optimize
quantum-communication scheduling in quantum data centers
by overlapping cross-rack communication through collective
and parallel entanglement generation while avoiding deadlock
and buffer congestion.

Overall, existing circuit-distribution methods primarily op-
timize remote operations or teleportations over a fixed or im-
plicit interconnect. A direct objective-value comparison with
our method is therefore not like-for-like, as our decision space
additionally includes network-link selection and entanglement-
path routing. In Section VI, we instead compare against
simulated annealing used by [29] and Kernighan–Lin graph
partitioning [34], using a common downstream solver and time
budget.

B. Network-Aware Qubit Allocation

Several recent studies have incorporated more network
considerations into qubit allocation in DQC. Mao et al. [10]
formulate a qubit allocation problem where the network cost of
a remote CNOT is assumed linear to the number of hops of the
shortest path between two QPUs in a quantum network. They
propose a heuristic local search algorithm and a multistage
hybrid simulated annealing algorithm to solve the formulated
qubit allocation problem. The same authors [8] further extend
the problem to a probability-aware qubit-to-processor mapping
model, where the network overhead between two QPUs is
determined through probabilistic analyses based on the link
entanglement generation rates. A multistage hybrid simulated
annealing algorithm with multi-flow routing is then proposed

to minimize the total network overhead. Cuomo et al. [25]
also explore compiler optimizations tailored for QDC, aiming
to minimize communication costs with inter-processor connec-
tivity restrictions. They formulate the distributed compilation
problem as a dynamic network flow problem, where a flow is
a set of entanglement paths used by the telegates.

C. Network Topology Design

The network topology has a significant impact on the
efficiency of quantum network. Yu et al. [21] discuss quantum
internet topology design, emphasizing on the impact of topol-
ogy on the rate of entanglement distribution and the fidelity
of entangled pairs, when serving multi-commodity quantum
communication demands. Liu et al. [22] also investigate
how network topology can be optimized alongside resource
allocation and entanglement distribution strategies to improve
the performance of quantum networks.

Only recently has the joint optimization of network topology
and qubit allocation gained attention in DQC. Mao et al. [29]
consider such a joint topology design problem in DQC for a
set of test quantum circuits, with the goal of minimizing the
overall communication overhead after distributing the quantum
circuits. The communication overhead depends on an “implicit
function” of distance between each pair of GPUs based on
the shortest paths in the topology. Such implicit function
make the mathematical deduction and simplification of the
formulated problem much harder. The authors design a meta-
heuristic algorithm based on simulated annealing to find the
near-optimal topology for random quantum circuits. They also
provide an extended algorithm to generate dedicated network
topologies tailored for specific quantum circuits. Since their
proposed methods limit the entanglement path to the shortest
path in the topology, the solution space is restricted to a
much smaller space than the real feasible space which hurts
their performances. In this paper, we consider the similar
topology co-design with qubit allocation for DQC, but provide
a formulation of the problem with an explicit expression of
entanglement paths so that the formulated problem can be
solved by existing classical solvers directly.

There are also efforts to build quantum data center (QDC)
where multiple QPUs are integrated into a cohesive infrastruc-
ture for next-generation DQC. Usually, a network topology
similar to classical date center network is used for intercon-
nection. For example, CISCO [35], [36] uses topologies of
FatTree [37] and BCube [38] for their QDC design, while
SwitchQNet [33] uses FatTree for their QDC. However, these
topologies are static and designed for general traffic demands.
In this paper, we consider the co-design of topology with qubit
allocation with known DQC demands.

III. SYSTEM MODEL

In this section, we first present our DQC model and the
model for underlying quantum network (QN), then introduce
the qubit allocation and topology formation problem where the
communications among logical qubits are transferred to the
communications among QPUs. Major notations used in this
paper are summarized in Table I. We distinguish two levels of
qubits throughout the paper. A logical qubit qa is a state carrier
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TABLE I
LIST OF SYMBOLS.

Symbol Description
Q, qa the set of logical qubits and a-th logical qubit
C the set of edge (CNOT gates between qubits) in QIG
ca,b the number of CNOT instances between qa and qb
V , vi the set of QPUs and i-th QPU
E the set of edges between QPUs in QN
bu,z the weight/cost of quantum link between vu and vz

mi, ni computation/communication qubits capacities on QPU vi
W the maximum number of edges in the final topology
xa,i whether logical qubit qa is assigned to QPU vi

pi,j,u,z whether the path between vi and vj uses edge (vu, vz)
wu,z whether edge (vu, vz) used by selected paths
yi,j whether at least one RCNOT demand between vi and vj

specified by the input quantum circuit and is represented by
a QIG vertex. A physical data qubit (or computation qubit)
is a hardware resource inside a QPU. Qubit allocation assigns
every logical qubit to one QPU, where it occupies one physical
data-qubit slot.

A. Distributed Quantum Computing Model

Arbitrary quantum circuits can be decomposed into single-
qubit and Controlled-NOT (CNOT) gates, which form a uni-
versal gate set [39]. Single-qubit gates are always local, while
a CNOT is local if both qubits reside on the same QPU
and remote otherwise. Thus, following prior DQC allocation
studies [8], [10], our communication model only records
CNOT interactions after basis-gate decomposition.

Since we concentrate on the communication cost of DQC,
any quantum circuit can be abstracted into a Qubit Interaction
Graph (QIG) to reflect the needs of number of CNOT oper-
ations without loss of generality. As shown in the middle of
Fig. 2, QIG depicts between which two qubits there are CNOT
gates and how many CNOT gates are needed. In the QIG,
each node represents a logical qubit qa, and each edge (qa, qb)
represents the existence of CNOT gates between two qubits
qa and qb. If there are more than one CNOT gates required
between these two qubits, the edge weight ca,b is the number
of CNOT gates required between qubits pair (a, b). Given a
quantum circuit, we can form its QIG G′(Q,C), where Q
is the set of all its qubits and C is the edge set of CNOT
gates between the qubits. For example, in the QIG in Fig. 2,
we have c1,5 = 1 and c1,2 = 2 since there are one CNOT
gate between q1 and q5 and two CNOT gates between q1 and
q2 in the circuit, respectively. Obviously, the QIG captures
all possible communications in the corresponding circuit, thus
informative enough in the context of communication cost
minimization. Note that the weight ca,b aggregates the count
of CNOT instances between qa and qb for communication-cost
calculation; it does not combine several physical gates into a
single CNOT or remote CNOT gate.

After qubit allocation, a CNOT whose control and target
logical qubits reside on the same QPU is executed locally
and requires no network communication. For example, in
Fig. 2, since q1 and q2 are mapped to the same server v1,
the two CNOT gates between them can be executed entirely
by v1 without consuming pre-shared network Bell pairs, even
though c1,2 ̸= 0. When the two logical qubits reside on
different QPUs, the CNOT is implemented as a remote CNOT

Fig. 3. Quantum swapping in QN: A swap operation at v2 to establish the
entanglement between v1 and v3.

(RCNOT), which consumes an end-to-end Bell pair shared
by the corresponding QPUs. For example, q4 and q5 each
have an RCNOT interaction with q1. Since q4 and q5 are
mapped to v3 while q1 is mapped to v1, these RCNOTs require
pre-shared network Bell pairs between v1 and v3 for their
collaborative execution. We refer readers to [29] for the circuit-
level implementation and operation sequence of RCNOTs.
Although RCNOTs can be implemented in different ways and
circuit optimizations (such as circuit transformation or remote
gate scheduling) may reduce the number of required RCNOTs,
these topics are beyond the scope of this study.

B. Quantum Network and Resources
The studied quantum network (QN) is a network of QPUs

which hold physical qubits. We should map the logical qubits
in quantum circuits to the physical qubits on quantum proces-
sors in QN to execute the circuit. Each of the QPU vi has
a memory capacity to hold up to mi physical data qubits (or
called computation qubits). Except for offering physical qubits
on its nodes, quantum networks are also responsible for pro-
viding entanglements for RCNOT gates. Those entanglements
are first generated by the edges in the quantum network, and
then connected to form E2E entanglements between processors
where there are RCNOT gates. We can form a graph G(V,E)
for the underlying quantum network, where V is the set of
processors/QPUs vi in the network, and E is the set of edges
(possible quantum links) among the QPUs. For the quantum
link (vi, vj) between QPUs vi and vj , we can define an
edge weight bi,j as the cost factor of that quantum link. For
different DQC types (such as multi-core or multi-farm), this
edge weight can be defined differently and accordingly.

We focus on the joint optimization of logical-qubit assign-
ment and inter-QPU network topology1 (including entangle-
ment routes) to facilitate circuit execution. Accordingly, we
abstract QPU vi by its capacities of mi physical data qubits
and ni communication qubits/interfaces. We assume that a
local compiler can route an assigned data qubit to an available
communication interface, and we do not charge the resulting
intra-QPU SWAP cost. Applying the same abstraction to all
methods isolates the inter-QPU co-design problem studied
here. It is not physically feasible to implement an arbitrary
number of direct quantum links when a DQC system contains
many QPUs, especially for an on-chip or tightly integrated
system. For N QPUs, a complete graph requires N(N −1)/2
physical links and N − 1 communication interfaces at every
QPU. These requirements grow rapidly with N , while every
link also consumes communication qubits or ports, intercon-
nect channels, layout area, stabilization resources, and control

1The internal design of an individual QPU, including its physical-qubit
coupling graph and the placement of communication qubits, can affect
the local SWAP operations, latency, and fidelity of an RCNOT. However,
optimizing that internal design is outside the scope of this paper.
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hardware. Thus, forming a complete or dense physical graph
becomes infeasible at scale. Prior DQC topology co-design and
QDC-network studies similarly consider restricted link sets,
node degrees, or port counts [29], [33], [35]. We model these
physical limitations at two levels: ni limits the number of links
incident to QPU vi, and W limits the total number of physical
links that may be implemented across the network. These
cardinality limits represent implementable topology resources,
whereas bi,j separately represents the communication cost of
using link (vi, vj).

To build E2E entanglements between two QPUs which
are not directly connected by quantum links in G, quantum
swappings are performed on the intermediate nodes. Fig. 3
shows how two adjacent entanglements can be connected.
At the beginning, we have two crude entanglements between
(v1, v2) and (v2, v3). They are generated by the quantum
link between those nodes. There is no direct link between
(v1, v3) so we are unable to obtain an entanglement be-
tween them directly. However, we can perform a swapping
operation (using Bell State Measurement (BSM) gates) on
node v2 to connect entanglements (v1, v2) and (v2, v3), af-
ter which we can obtain an entanglement between (v1, v3).
Such swapping operations can be repeated to obtain a pair
of E2E entanglements on desired node pairs in QN. These
E2E entanglements between processor pairs can be used by
RCNOT gates. The classic communications parts in RCNOT
or swapping operations are ignored here as they do not affect
our design. Entanglement generation, swapping, and RCNOT
have distinct roles. Generation creates a Bell pair on one
physical link; swapping uses a Bell-state measurement at an
intermediate QPU to connect adjacent link-level pairs into an
end-to-end pair; and RCNOT consumes that end-to-end pair
to execute a circuit gate. Swapping may fail, and reported
implementation bounds on its success probability vary (e.g.,
50% [40], 62.5% [41], 75% [42], or deterministic but less
efficient operation [43]). Accurately quantifying a swapping
failure is complicated because it may affect entanglement-
regeneration and recovery procedures, latency, throughput, and
end-to-end fidelity. We therefore do not claim to model these
effects accurately.

For tractability, we optimize a static weighted commu-
nication cost. The objective explicitly penalizes a long en-
tanglement path by including its weighted path length,∑

u,z bu,zpi,j,u,z , so every additional link increases the cost
when link weights are positive. This term is a proxy for the
additional link-level entanglements and swapping operations
required by a long path; it is not a stochastic model of failures
or retries. The present formulation also does not explicitly
optimize gate timing, throughput, fidelity evolution, failure
recovery, or intra-QPU routing. More accurate joint modeling
of these effects is a valuable direction for future work.

C. Qubit Allocation and Topology Formation

With the given QIG G′ and QN G, we can consider a joint
topology design and qubit allocation problem to optimize the
total communication cost of DQC. As shown in Fig. 2, a
qubit allocation solution is essentially a graph partition: qubits
assigned to the same QPU are one group, and the cross-group

edges are the communications among the QPUs. In Fig. 2,
the group of q1 and q2 are mapped to v1 and the group of
q4 and q5 are mapped to v3. Then, the cross-edges between
the two groups are the communications between v1 and v3
(2 RCNOTs in this case). Additionally, if there is no direct
quantum link between v1 and v3, the RCNOT between q1
and q4 can only be served by creating E2E entanglements by
the QN, i.e., creating one entanglement between (v1, v2) and
(v2, v3) separately and connect them by a swapping on v2
as done in Fig. 3. In Fig. 2, the result of this joint topology
design and qubit allocation include both the qubit mapping
from G′ to G and the resulting network topology (a subgraph
of G including all quantum links and entanglement paths for
inter-QPU communications).

The joint problem is NP-hard by restriction. Fix the QN
topology and all entanglement routes, use uniform inter-QPU
communication costs, and retain only the logical-qubit assign-
ment variables. The remaining problem partitions the weighted
QIG among capacity-limited QPUs so as to minimize the
total weight of cross-group edges; this is capacitated weighted
graph partitioning, an NP-hard problem. Hence, a polynomial-
time algorithm for our joint problem would solve this NP-
hard special case, proving that the more general joint qubit-
allocation and topology-design problem is NP-hard.

IV. CO-DESIGN OF NETWORK TOPOLOGY AND QUBIT
ALLOCATION: A JOINT OPTIMIZATION

We now formally define the optimization problem of our
topology co-design with qubit allocation. We first present it in
the most intuitive original formulation, then reformulate it into
an equivalent but more tractable problem. Both versions can
be solved by the existing integer programming solvers, such
as Gurobi and CPLEX.

In our model we use two graphs G′ and G to model QIG
and QN respectively. Both G′ and G are undirected. However,
routing E2E entanglements in QN requires finding the best
paths between any two nodes in G. This is challenging while
the topology itself is to be determined. Note that [29] uses an
iterative heuristic solution to optimize topology and allocation
which is complicated. In our formulation, we use a directed
QN topology so that the entanglement path can be implicitly
embedded into our joint optimization as constraints, which
enable efficient solutions from existing solver.

A. Problem Formulation

We first define our objective function, which is minimizing
the total communication cost of the DQC, i.e., the summation
of the communication cost incurred between any QPU pairs
(vi, vj) in QN G. For each node pair (vi, vj), its entanglement
is routed via an entanglement path between them. Therefore,
the optimization objective is∑

i<j

∑
u,z

bu,zpi,j,u,z
∑
a,b

ca,bxa,ixb,j

. (1)

Here, xa,i is a binary indicator whether logical qubit qa ∈ Q
is assigned to server vi ∈ V , and pi,j,u,z is a binary indicator
whether the entanglement path between servers vi and vj uses
the directed edge (vu, vz). In other words, xa,i and pi,j,u,z
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are the decision variables for qubit allocation and network
topology, respectively. Recall that ca,b is the number of CNOT
gates between qa and qb in QIG, thus

∑
a,b ca,bxa,ixb,j is

the total number of RCNOT required between servers vi and
vj . bu,z is the weight/cost of edge (vu, vz), and therefore∑

u,z bu,zpi,j,u,z is the weighted length of the entanglement
path between vi and vj . Thus, the cost of a long path is incor-
porated directly into the objective: every additional physical
link adds its weight to the cost. With unit link weights, this
term is the hop count and captures the additional link-level
Bell pairs and swapping operations required along a longer
path. Scenario-dependent weights can additionally represent
distance or other coarse link costs. This weighted-path-length
term does not, however, accurately quantify stochastic swap-
ping failures, retry latency, throughput loss, failure recovery,
or fidelity changes. Our overall objective is to minimize the
communication cost of all RCNOT gates between all server
pairs in the network.

We now present the original formulation of our joint opti-
mization problem as follows.

P1 : min
x,p

∑
i<j

∑
u,z

bu,zpi,j,u,z
∑
a,b

ca,bxa,ixb,j

 (2)

s.t. qubit allocation∑
i

xa,i = 1, ∀qa ∈ Q, (2a)∑
a

xa,i ≤ mi, ∀vi ∈ V, (2b)

topology sparsity∑
z

1−∏
i<j

(1− pi,j,u,z)(1− pi,j,z,u)

 ≤ nu,∀vu ∈ V,

(2c)∑
u<z

1−∏
i<j

(1− pi,j,u,z)(1− pi,j,z,u)

 ≤ W, (2d)

entanglement paths[∑
u

pi,j,i,u −
∑
z

pi,j,z,i − 1

]∑
a,b

xa,ixb,j = 0,∀i < j,

(2e)∑
z

pi,j,u,z −
∑
z

pi,j,z,u = 0, ∀i < j, ∀u /∈ {i, j},

(2f)[∑
u

pi,j,j,u −
∑
z

pi,j,z,j + 1

]∑
a,b

xa,ixb,j = 0,∀i < j,

(2g)∑
u,z

pi,j,u,z ≤ (|V | − 1)
∑
a,b

xa,ixb,j , ∀i < j, (2h)

decision variables
xa,i, pi,j,u,z ∈ {0, 1}. (2i)

Constraints (2a) and (2b) are the qubit allocation constraints,
where the former ensures that each qubit is assigned to one

and only one QPU and the latter limits the number of assigned
qubits on each QPU not to exceed its memory capacity.

Constraint (2c) limits the number of edges that QPU vu can
have due to the limit of its communication qubits. The term∏

i,j (1− pi,j,u,z)(1− pi,j,z,u) is 1 when pi,j,u,z = pi,j,z,u =
0 for any i and j, which means the undirected edge (vu, vz) is
not used by any path. Thus, the left side of Constraint (2c) is
the number of edges associated to QPU vz . Constraint (2d)
limits the network sparsity (i.e., the number of edges in
the final topology) not to exceed a threshold W . The left
side of Constraint (2d) is similar to that of Constraint (2c)
but it summarize over all edges in the topology rather than
those associated to a specific QPU. Constraints (2c) and (2d)
are hard physical-topology budgets rather than consequences
of the usage-cost objective, following the limited-degree/link
abstractions used in prior DQC topology design [29]. Con-
straint (2c) ensures that the degree of each QPU does not
exceed its available communication interfaces, while Con-
straint (2d) uses W to cap the total number of implementable
physical links. Without these constraints, the optimizer could
select an arbitrarily dense physical graph that might not be
realizable for a large number of QPUs. This separation lets
the model trade a physically feasible sparse topology against
the shorter entanglement paths enabled by additional links;
Section VI evaluates this tradeoff by varying W .

Constraints (2e)-(2g) are the flow constraints to form
the entanglement paths among QPUs. Ignoring the term∑

a,b xa.ixb,j , they are typical three flow constraints for the
source, intermediate, and destination nodes on the entangle-
ment path: out-degree minus in-degree should be 1 at the
source node, 0 at the intermediate nodes, and −1 at the
destination node.

∑
a,b xa.ixb,j is added at both sides to cancel

the constraints if no demand over this path.
Constraint (2h) forces no entanglement path for pair (vi, vj)

if it has no demand, avoiding disturbing topology constraints
(Constraints (2b)-(2c)).

Finally, all decision variables xa,i and pi,j,u,z are binary.
Therefore, this formulated joint optimization problem is a
binary nonlinear programming.
B. Reformulation

The original formulation (P1) might still be hard for existing
classic solvers (e.g., Gurobi and CPLEX) to solve because
it has several high degree terms, which cloud be linearized
by adding intermediate variables. Therefore, in this subsection
we further simplify it into a partially linearized problem P2,
which is equivalent to the original one but can be solved more
efficiently by the classic solvers.

In P2, first, the objective and the qubits assignment con-
straints (3a) and (3b) are unchanged. We then introduce a
binary indicator wu,z for edge existence: wu,z = 1 if any
entanglement paths use the directed edges (vu, vz) or (vz, vu),
otherwise wu,z = 0, and add Constraint (3e). With the help
of this indicator, we can simplify the topology constraints
(Constraints (3c) and (3d)). Similarly, we introduce a demand
indicator yi,j by adding Constraint (3f): yi,j = 1 if there
is at least one RCNOT demand between servers vi and vj ,
otherwise yi,j = 0. This simplifies path constraints (Con-
straints (3g), (3i), and (3j)). By introducing wu,z and yi,j ,
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Constraints (2c), (2d), (2e), (2g) and (2h) are all reduced to
linear. These reduction, while not changing the NP-hardness
of the problem, greatly reduced the number of total variables
(including intermediate variables) in the problem, enabling us
to solve problems of larger scales.

P2 : min
x,p,w,y

∑
i<j

∑
u,z

bu,zpi,j,u,z
∑
a,b

ca,bxa,ixb,j

 (3)

s.t. qubit allocation∑
i

xa,i = 1, ∀qa ∈ Q, (3a)∑
a

xa,i ≤ mi, ∀vi ∈ V, (3b)

topology sparsity∑
z

wu,z ≤ nu, ∀vu ∈ V, (3c)∑
u<z

wu,z ≤ W, (3d)

wu,z ≤
∑
i,j

(pi,j,u,z + pi,j,z,u) ≤ wu,z · (|V |(|V | − 1)) ,

∀u < z, (3e)
entanglement paths

yi,j ≤
∑
a,b

xa,ixb,j ≤ yi,j ·mimj , ∀i < j,

(3f)∑
u

pi,j,i,u −
∑
z

pi,j,z,i = yi,j , ∀i < j, (3g)∑
z

pi,j,u,z −
∑
z

pi,j,z,u = 0, ∀i < j, ∀u /∈ {i, j},

(3h)∑
u

pi,j,j,u −
∑
v

pi,j,v,j = −yi,j , ∀i < j, (3i)∑
u,z

pi,j,u,z ≤ yi,j(|V |/2), ∀i < j, (3j)

decision variables
xa,i, pi,j,u,z, wu,z, yi,j ∈ {0, 1}. (3k)

V. TACKLING LARGE-SCALE CIRCUITS

Qubit assignment along is exactly a graph partition problem,
which is known to be NP-hard. Therefore, classic solvers
like Gurobi are not able to solve such problems at scale
within a reasonable time. In practice, quantum compilers for
DQC and/or QDC require an efficient solution to compile
quantum programs in a reasonable time. In our evaluation
section, Gurobi is not able to solve P2 for many circuits with
only 96 qubits in five minutes. However, practical quantum
algorithms usually require hundreds to thousands of qubits.
Leading industrial sectors also foresee to have hundreds of
logical qubits in the near future (e.g., IBM predicts to have 230
logical qubits in five years). Therefore, scaling up the solving
ability to hundreds of qubits is critical, given that existing
solutions can only handle a limited number of qubits, from at
most 15 in [29] to 32 in [32].

(a) before contraction (b) after contraction

Fig. 4. An example of edge contraction in QIG.

In the following subsections, we show how to conduct the
pre-processing methods to handle large-scale quantum circuits.
We first show how one single edge contraction works on a
QIG, then devise a greedy algorithm to repeat the contraction
process until the size of the QIG meets given criteria. Finally,
we cloud further use the results from the greedy algorithm
to pre-assign the grouped qubits to QPUs to facilitate the
solving process. Note that all those pre-processing methods
are performed before feeding the problem to the solver for
solving P2.

A. Edge Contraction on QIG

To process a large Qubit Interaction Graph (QIG), we can
shrink it by grouping some qubits into one group so that they
will always be assigned onto the same QPU. In this way,
we can reduce the number of vertices in QIG to make P2
more tractable. This process is called edge contraction, which
is a known operation in graph coarsening. In the context of
QIG coarsening, Fig. 4 shows an example of the contraction
on one single edge (the dash line in Fig. 4(a)) in the QIG.
After the contraction, the edge is deleted, as the two group of
qubits on the endpoints are now in one group (called super
quibts hereafter) so no communications are required. At the
same time, the two edges connecting the two nodes to their
common neighbor is merged and the weights are summed as
the weight of the merged edge. Other nodes and edges are kept
unchanged. We use a function CONTRACT(H, c) to perform
the contraction of edge c in a QIG H .

B. Greedy Edge Contraction

Repeating edge contraction multiple times allows us to
shrink the QIG to a reasonably small size, determined by
the stopping criteria. In the aggressive cases, the number of
vertices in the QIG can be reduced to the same as the number
of QPUs or even smaller.

We now propose a greedy contraction algorithm, as shown
in Algorithm 1, which describes how we can contract a
given QIG. It first sorts all edges by weight (communications
requirement) in line 3, and try to pick the edge with largest
weight without violating QPU capacity constraints in lines 6-
11. The FEASIBILITY-CHECK ensures that the node sizes S
in the contracted QIG still has a feasible assignment to QUPs
with capacity array M , so that the problem P2 has at least
one feasible solution. If no further contraction can be done, it
terminates (lines 12-13). Otherwise, a possible edge is found
and then contracted in line 15.

While the idea of greedy algorithm is simply selecting an
edge with larger weight to contract, each contraction need to
be carefully conduct because it may lead to infeasible problem
for qubit assignment to QPUs. For example, if all QPUs can
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Algorithm 1 GREEDY-EDGE-CONTRACTION

Input: Original QIG G′(Q,C), QPU capacity array M .
Output: Contracted QIG H .

1: Copy G′ to H
2: repeat
3: Sort all edges in H in descending order of their

weights, denoted by C ▷ prioritize demanding edges
4: c∗ = Nill ▷ candidate edge for contraction
5: for each edge c ∈ C do ▷ find an edge for contraction
6: Assume qa and qb are the end nodes of edge c
7: Let S be the qubit size array of all nodes Q in H ,

i.e., S = {q.size|∀q ∈ Q}
8: S = S\{qa.size, qb.size} ∪ {qa.size+ qb.size}
9: if FEASIBILITY-CHECK(M,S) then

10: c∗ = c
11: break ▷ a possible edge for contraction found
12: if c∗ = Nill then
13: return H ▷ no possible edge contraction
14: else
15: H = CONTRACT(H, c∗) ▷ contract edge c∗ in H

16: until no more edge can be contracted

hold at most 8 qubits, then no group of qubits in the contracted
QIG should be greater than this size. Another infeasible case
is, in heterogeneous systems, when there are 4 QPUs of size 8
and 4 QPUs of size 4, we should not have 5 groups of size 7.
Simply figuring out whether a feasible assignment exists or not
is NP-complete: the Partition Problem (a known NP-complete
problem) can be reduced to this problem.

Therefore, we devise Algorithm 2 to perform the feasibility
check efficiently. The trade-off here is that we only hope it
can help to prevent infeasible QIGs, so it does not have to
be accurate (missing some feasible cases). It tries to assign
the largest super qubit to the QPU with the largest remaining
capacity, until all super qubits are assigned. This algorithm not
only tells the feasibility of a given contraction, but also outputs
a feasible qubit allocation solution, which can be used to
simplify the joint optimization (as discussed in Section V-C).
Given |S| ≥ |M |, it is easy to see that the complexity of this
FEASIBILITY-CHECK implementation is O(|S|2 log |S|), i.e.,
O(|Q|2 log |Q|). Finally, the overall complexity of Algorithm
1 is O(|C|(|C| log |C|+ |C||Q|2 log |Q|)) = O(|C|2 log |C|+
|C|2|Q|2 log |Q|). Here, |C| and |Q| are the number of edges
and nodes in the QIG.

Note that after the edge contraction, we can use the new
QIG H to formulate our joint optimization problem, such as
P2. But it also needs a slight modification: constraint (3b)
needs to be modified accordingly to reflect the memory usage
of each super qubit (which can be larger than one).

C. Pre-Assignment Scheme

Notice that the FEASIBILITY-CHECK algorithm already
gives us a possible pre-assignment: we can greedily assign
the largest super qubit to the QPU with the largest remaining
capacity, as suggested by line 4 in Algorithm 2. We can simply
use this method to pre-assign the qubit allocation (all xa,i in

Algorithm 2 FEASIBILITY-CHECK

Input: QPU capacity array M = {mi|vi ∈ V }, super qubit
size array S = {sa|qa ∈ Q}.
Output: whether the super qubits can fit in QPUs or not.

1: while |S| > 0 do
2: Sort M,S in decreasing order
3: if S[0] ≤ M [0] then
4: M [0] = M [0]− S[0] ▷ remove used capacity
5: Remove S[0] from S ▷ delete assigned qubit
6: else
7: return False
8: return True

P2). Doing so greatly simplifies the optimization problem and
helps the solver (e.g., Gurobi or CPLEX) to solve the problem
more efficiently. We will see later in evaluations show that this
strategy significantly increases the scale of the problems that
we can solve.

VI. EVALUATIONS

In this section, we conduct several sets of simulations to
evaluate the proposed formulation and solution of our joint
co-design problem by Gurobi [30] using real-world quantum
circuits. We first focus on comparing the difference of the
two formulations, especially how our re-formulation makes
the problem more efficient to solve. After that, we com-
pare the proposed edge contraction method with Kernighan–
Lin graph partitioning [34] and evaluate how both methods,
with and without pre-assignment, facilitate solving large-
scale problems. Finally, we also verify the affect of quan-
tum resources and network topology sparsity on the over-
all performances, based on our solving methods. Codes,
including quantum circuit generation, problem formulation
and optimization, and data visualization, are available at
https://github.com/Jiyao17/topodqc.

A. Simulation Settings

We now introduce the quantum circuits and QPU clusters
we use in our simulations.

1) Quantum Circuits: We choose important real-word ap-
plications as our testing circuits: Multi-Control Multi-Target
(MCMT) Gates, Quantum Fourier Transformation (QFT), and
Grover’s Search Algorithm (Grover). Among them, MCMT is
critical for benchmarking the quantum compilers for their gate
decomposition ability; QFT is the core component of Shor’s
algorithm, which is potential to break the RSA-based encryp-
tion schemes; Grover is a black-box searching algorithm that
can reduce the search space from N (on classic computers)
to

√
N (on quantum computers), and it searches for a random

bit string (once) in our implementation. All of them are also
used as the testing tasks in [33]. We mark the number of qubits
used in those algorithms with -x, e.g., QFT-32 means the QFT
algorithm with 32 qubits. All those algorithms are coded using
IBM qiskit library, transpiled on the basis gates of arbitrary
single qubit gates and CNOT gates, and converted to .qasm
[44] (quantum assembly language files). Finally, by analyzing
the .qasm files, we can determine the input parameters for the
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TABLE II
QUANTUM RESOURCES AND TOPOLOGY SPARSITY REQUIREMENT OF

DIFFERENT QPUS CLUSTERS.

Cluster Name- Number Comp. Qubit Comm. Qubit W
total comp. qubit of QPUs per QPU per QPU
micro-4 2 2 1 1
micro-8 2 4 1 1
tiny-16 4 4 3 5
tiny-32 4 8 3 5
small-64 8 8 3 10
small-96 8 12 3 10
small-128 8 16 3 10
small-192 16 16 & 8 4 & 3 20
medium-256 16 16 4 40
medium-384 32 16 & 8 4 & 3 80
large-512 16 32 8 40
large-768 32 16 & 32 4 & 8 80
large-1024 32 32 8 80
For heterogeneous cases, we set two different qubit numbers per QPU
for each half of all QPUs, listed as a & b in the cell.

optimization problem (e.g., number of CNOT gates ca,b for
all logic qubit pairs (a, b)).

2) Quantum Clusters: We consider both homogeneous and
heterogeneous QPU clusters, and the detail parameters are
given by Table II. If not mentioned otherwise, QPUs are
fully connected via an underlying QN G (subject to topology
optimization) and all link costs bu,z are set to one unit. In
Section VI-F, we use various network topologies and set
different link costs depending on the application scenarios.

B. Compared Methods and Baselines
1) Solving Methods: We use the following baselines solu-

tions from Section IV in our evaluations, which we call TACO
methods for Topology-Allocation Co-Optimization. Consider-
ing that joint optimization is relatively new in this field, we
can only find [29] as the most relevant baseline.

• TACO. We manually decompose the terms in the original
formulation of P1 whose degrees are higher than two to
quadratic terms and use Gurobi to solve it.

• TACO-NL. We use the original formulation of P1 and
directly feed it to Gurobi with its newest non-linear ex-
pression feature. Gurobi is responsible for automatically
decomposing all terms to linear/quadratic.

• TACO-L. We use Gurobi to diectly solve the reformulated
problem of P2, which is partially linearized.

• SA. Solving P2 with the meta-heuristic method Simulated
Annealing. This method is also used in [29] to solve a
similar problem.

2) Pre-Processing Methods: We evaluate the effectiveness
of the proposed edge contraction and pre-assignment methods
from Section V. To compare edge contraction against an
established graph-partitioning approach, we also implement
a capacity-aware recursive version of the Kernighan–Lin
method [34]. EC and KL are alternative QIG pre-processing
methods, and PA can be applied after either method.

• EC. Applying the greedy edge contraction (Algorithm
1) to the original QIG before solving the optimization
problem.

• KL. Applying recursive Kernighan–Lin graph partitioning
to the original weighted QIG before solving the opti-
mization problem. The CNOT counts are used as edge

TABLE III
EFFICIENCY OF THE FOUR BASELINE SOLVING METHODS ON DIFFERENT
QUANTUM CIRCUITS (OBJECTIVE VALUE / TIME TO BEST IN SECONDS).

DQC Task SA TACO TACO-NL TACO-L
MCMT-4 8 / 1.5 8 / 0.002 8 / 0.001 8 / 0.002
MCMT-8 26 / 2.1 16 / 0.001 16 / 0.001 16 / 0.001
MCMT-16 - 204 / 4.9 204 / 15.1 204 / 1.9
MCMT-32 - 570 / 22.7 570 / 22.4 570 / 24.3
MCMT-64 - 5372 / 247.4 5814 / 218.7 4378 / 227.9
MCMT-96 - - - -
QFT-4 8 / 1.02 8 / 0.002 8 / 0.002 8 / 0.003
QFT-8 32 / 1.9 32 / 0.001 32 / 0.001 32 / 0.003
QFT-16 - 256 / 0.02 256 / 1.8 256 / 0.01
QFT-32 - 624 / 289.0 624 / 183.6 624 / 179.5
QFT-64 - 3356 / 0.3 3154 / 154.2 2764 / 117.8
QFT-96 - - - 6760 / 98.5
Grover-4 16 / 1.1 16 / 0.001 16 / 0.001 16 / 0.001
Grover-8 172 / 10.0 140 / 0.006 140 / 0.005 140 / 0.005
Grover-16 - 1156 / 9.6 1156 / 10.5 1156 / 3.0
Grover-32 - 2968 / 33.7 2928 / 256.1 2928 / 40.1
Grover-64 - 17344 / 156.9 - 10348 / 260.5
Grover-96 - - - -
-: no feasible solution within allowed solver time; bold: best solution

weights, and partition sizes are selected according to QPU
computation-qubit capacities.

• PA. Applying pre-assignment (Algorithm 2) to the output
of EC or KL to pre-solve all xa,i in P2 and simplify the
problem.

3) Performance Metrics: To evaluate the proposed methods
and baselines, we focus on the achieved objective value and
solver time. The objective value is the total weighted commu-
nication cost in (1); its unit is determined by the link weights
bu,z and is a normalized cost unit when all bu,z = 1. The
solver time is measured in seconds from the solver start and
records when the reported best objective value is first found
within the allowed solver time. We do not explicitly model
swapping failures in our default evaluation, as their effects on
entanglement regeneration, latency, throughput, fidelity, and
recovery require a dynamic stochastic formulation. Instead,
all methods use the same static proxy,

∑
u,z bu,zpi,j,u,z , which

penalizes longer paths requiring more link-level entanglements
and swaps. Thus, the reported objective value represents
normalized communication cost rather than considering actual
failure rate or retry latency. Scenario-dependent link weights
in case study of Section VI-F can represent coarse link costs,
but accurate stochastic modeling is left for future work.

C. Comparison of Solving Methods

We first compare the efficiency of the four baselines. The
details of all testing circuits and the results are shown in
Table III. The QPU cluster settings are selected according to
the total number of qubits in these circuits. Each cell gives
the best objective value obtained within 300 seconds and the
solver time in seconds when that objective first appears.

First, the solving ability of SA on this problem is limited. It
is not able to obtain a feasible solution within the given time
for all circuits with more than 16 qubits even with partially
linearized version. These results are similar to those in [29]
where only circuits with at most 15 qubits are tested. Besides,
for 8-qubit circuits, SA only finds the optimal solution for
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(a) MCMT-64 (b) QFT-64 (c) Grover-64

Fig. 5. Convergence towards best objectives over time when solving the optimization for diffrent circuits with the baselines.

TABLE IV
EFFECTIVENESS OF EC AND KL PRE-PROCESSING ON HOMOGENEOUS QPU CLUSTERS.

DQC Task EC KL TACO-L + EC TACO-L + KL TACO-L + EC + PA TACO-L + KL + PA
MCMT-256 0.073 0.036 - 85228 / 231.8 48168 / 32.4 44712 / 83.6
MCMT-512 0.316 0.086 244724 / 300.8 200828 / 43.5 141988 / 2.3 118452 / 0.9
MCMT-1024 1.668 0.192 - - 611608 / 447.7 591460 / 599.9
QFT-256 0.224 0.081 5508 / 147.5 5508 / 525.4 5508 / 0.1 5508 / 0.1
QFT-512 1.100 0.209 5700 / 142.7 5700 / 93.9 5700 / 0.0 5700 / 0.0
QFT-1024 4.604 0.554 - - 11780 / 0.9 11780 / 0.9
Grover-256 0.065 0.035 44784 / 203.1 57296 / 557.8 44784 / 0.4 44640 / 1.9
Grover-512 0.273 0.077 73512 / 165.6 73592 / 493.8 73512 / 0.1 73592 / 0.2
Grover-1024 1.201 0.188 - - 178856 / 1.8 178936 / 4.9
EC and KL entries are pre-processing time (s); TACO-L entries are objective / time to best (s).
-: no feasible solution within allowed solver time; bold: better result between the final two columns

TABLE V
EFFECTIVENESS OF EC AND KL PRE-PROCESSING ON HETEROGENEOUS QPU CLUSTERS.

DQC Task EC KL TACO-L + EC TACO-L + KL TACO-L + EC + PA TACO-L + KL + PA
MCMT-192 0.045 0.022 - - 28576 / 360.3 31610 / 323.9
MCMT-384 0.187 0.064 - - 148260 / 490.5 123688 / 523.9
MCMT-768 0.836 0.141 - - 362314 / 581.7 326564 / 539.0
QFT-192 0.123 0.063 5028 / 346.2 5236 / 333.2 5028 / 0.2 5100 / 0.5
QFT-384 0.622 0.155 - - 10448 / 4.1 10790 / 8.7
QFT-768 2.581 0.383 - - 11588 / 1.0 11588 / 1.0
Grover-192 0.037 0.023 33728 / 292.0 41888 / 473.3 33104 / 0.9 38808 / 72.0
Grover-384 0.152 0.053 - - 85792 / 142.6 95136 / 124.2
Grover-768 0.629 0.119 - - 128008 / 1.9 139680 / 18.6
EC and KL entries are pre-processing time (s); TACO-L entries are objective / time to best (s).
-: no feasible solution within allowed solver time; bold: better result between the final two columns

QFT-8. Generally, SA does not perform as good as all other 3
baselines in terms of both the best objective and solving time.

Second, our partially linearized formulation TACO-L is
generally the most efficient for all non-trivial cases with more
than 2 QPUs. It not only achieves the best objective value
(least total communication cost) in all cases, but also finds
the best solution with least time for all almost all cases.
The only exception is MCMT-32, where TACO-L uses more
time than TACO-NL but still very close to the best time.
This means it is suitable to solve the joint optimization in
DQC with larger scales compared with TACO or TACO-
NL. Then, interestingly, TACO-NL, while uses the newest
automatic linearization feature of Gurobi for high-degree non-
linear expressions, cannot beat TACO, which only repeatedly
decomposes high degree expressions to quadratic by adding
intermediate variables. This suggests that directly using the
non-linear expression may not be sufficient, and manually

decomposing high degree expressions may still be a better
choice.

We are also interested in the progress (best objective by
time) of those baselines when they solve the problem. Fig. 5
shows the best objective found by the baselines for the three
circuits with 64 qubits. It is clear that our reformulated TACO-
L method can generally find the best solution (compared to
other baselines) at most times during the solving period.

D. Effectiveness of Pre-Processing Methods

Table III shows that directly solving TACO-L becomes
difficult for some circuits with 96 qubits. We therefore evaluate
EC and KL on larger circuits containing up to 1, 024 qubits.
Table IV and Table V report the results on homogeneous and
heterogeneous QPU clusters, respectively. The EC and KL
columns give pre-processing time in seconds; each TACO-L
column gives the best objective and the solver time at which
that objective was first found. A dash indicates that no feasible
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solution was found within the given time budget. For every
configuration, we use a common 600-second budget and set
the solver time limit to 600 − tprep seconds, where tprep is
the measured EC or KL time. Thus, the partitioning overhead
is charged against the solver budget. In the last two columns,
boldface identifies the better result between TACO-L+EC+PA
and TACO-L+KL+PA: the smaller objective is preferred, with
time to the best solution used to break an objective tie.

KL has lower pre-processing time in all 18 cases: its
observed times range from 0.022 to 0.554 seconds, compared
with 0.037 to 4.604 seconds for EC. Nevertheless, the faster
partitioner does not always produce the better input for the
downstream joint optimization. With PA enabled, EC gives
a smaller objective in eight cases and KL in six cases; the
objectives tie in the other four cases, for which EC reaches the
objective earlier. Accordingly, TACO-L+EC+PA is the better
final result in 12 of 18 cases, whereas TACO-L+KL+PA is
better in six. Both PA variants find feasible solutions in every
case. Without PA, feasible solutions are obtained in only seven
cases with EC and eight with KL, which confirms that pre-
assignment is important at these scales. Overall, the compari-
son with a standard graph-partitioning baseline validates that
the proposed EC method remains competitive and more often
yields the better end-to-end optimization result, despite KL’s
smaller pre-processing overhead. More importantly, integrated
with both EC or KL and PA, TACO-L can find either better
solution or the same solution in shorter time for these larger
scales of circuits.

E. Results and Topologies over Difference Settings

1) Quantum Resources - Computation Qubits: We now
consider the same circuit on three different clusters which has
different of number of data qubits mi per QPU. As shown in
Fig. 6, when running the 64 qubits version of the algorithms,
more qubits on one single QPU (larger mi) always leads to
lower communication cost because more qubits can reside in
the same processor so fewer inter-QPU communications are
required.

2) Topology Sparsity Requirement: We now investigate
how the topology sparsity requirement W can affect the total
communication cost (i.e, the objective of our optimization).
Recall that W caps the total number of implementable physical
links and prevents an unrealizable dense topology. For this set
of tests, we run the 64 qubits version of the algorithms on the
small-64 cluster, only varying W as indicated. From Fig. 7,
we can see that for the three testing circuits, the achieved
objective value is always smaller if the network topology is
allowed to be denser. This is because a denser graph always
has shorter point-to-point paths, thus smaller communication
cost. The only exception is Grover: W = 12 has the same
objective value compared to W = 10. This is because no
more edge is necessary so the final topology of W = 12 is
actually the same as the topology of W = 10. This can be
verified by the resulting topologies shown in Figs. 8(h) and
8(i).

We also show some examples of resulting topology for
the three circuits when we use different W . The resulting
topologies (under the same settings used in the last part)

Fig. 6. Objective values of TACO-L+EC+PA for different size mi.

Fig. 7. Objective values of TACO-L+EC+PA for different W .

(a) MCMT-64, W = 8 (b) MCMT-64, W = 10 (c) MCMT-64, W = 12

(d) QFT-64, W = 8 (e) QFT-64, W = 10 (f) QFT-64, W = 12

(g) Grover-64, W = 8 (h) Grover-64, W = 10 (i) Grover-64, W = 12

Fig. 8. Optimized topologies for the real-world circuits with different topology
sparsity constraints W = 8, 10, 12.

are shown in Fig. 8. First, it is obvious that when the
network is allowed to be denser, we can have more edges to
further reduce communication cost. Second, all node degree
in these topologies is bounded by 3 which is the number
of communication qubits of each QPU. Last but not least,
different circuits have different communication patterns, so
they may have different optimized topology even running on
the same set of QPU clusters.



IEEE TRANSACTIONS ON NETWORKING, VOL. X, NO. X, DECEMBER 20XX 12

(a) QFT-1024 (b) QFT-1536 (c) QFT-2048

Fig. 9. Resulting topologies of Chicago QN with homogeneous computing resources (each node has 256 qubits). The red nodes/links are selected nodes/links
in the resulting topology from our algorithm.

(a) QFT-1536, heterogeneous nodes (b) QFT-1536, heterogeneous nodes, w/ repeaters (c) MCMT-1536, w/ repeater

Fig. 10. Resulting topologies of Chicago QN with heterogeneous computing resources (each main node has 256 qubits and affiliated node has 128 qubits)
and repeaters. The red nodes/links are selected nodes/links in the resulting topology from our algorithm.

F. Case Studies with DQC Applications

We show how to apply our method to real-word distributed
quantum computer design on two possible application sce-
narios: Chicago quantum network [45] for metropolitan scale
networks and multi-rack networks for quantum data centers.

1) Chicago Quantum Network: A quantum network [45]
built around the Chicago city, connecting multiple institutions,
including the Argonne National Lab, Fermi Lab, Northwestern
University, StarLight, and University of Chicago. As shown
in Fig. 9, this network has nine sites, and solid/dashed lines
represent existing/planned links.

First, we consider running different scales of circuits within
this network when each site has 256 qubits. The edge level cost
bu,v is set exponential to the link length to model the photon
loss of direct links. Fig. 9 shows which nodes and edges (in
red) are selected to form the resulting topology of DQC for
three scales of QFT algorithms: QFT-1024, QFT-1536, and
QFT-2048 after using our proposed algorithm. As each node
has 256 qubits, we can see that 4, 6, and 8 nodes are selected
for those circuits separately to fulfill the computing qubit
requirement and to save communication cost. An interesting
observation is that, in this setting, the right side enhancing
link is preferred to connect the south part of the network as
it is the shortest among the three links connecting the 4 north
nodes and the 5 south nodes.

We also consider heterogeneous settings where the main
nodes (i.e., NU-Evanston, StarLight, UC-1, Fermilab-1,
Argonne-1) have 256 qubits, and affiliated nodes (UC-2,

Fig. 11. Resulting topology of an optimized switch network for a QFT-1024
algorithm. Each QPU has at most two ports.

Fermilab-2, Arggone-2, and Argonne-3) have 128 qubits. The
edge level cost bu,v is set linear to the link length to model
links segmented by repeaters with memory [22]. The resulting
topologies, i.e., selected nodes and links are shown in Fig. 10.
We can see that they are different from their corresponding
topology under the homogeneous setting.

2) Quantum Data Center Networks: Quantum Data Center
Networks (QDCNs) connect multiple QPUs deployed in one
single quantum data center, which is a promising pathway to
large scale quantum computing. We adopt the model in [33]
that considers in-rack and cross-rack links to form a large
scale QDCN. Similar to [33], bu,v of cross-rack links are set
to 800 times to that of in-rack links. Here, the factor of 100
reflects the lower throughput, and 8 stands for resources used
for purification to mitigate the lower fidelity. In this setting,
each QPU has 64 qubits, and the whole network is formed
by 4 racks with 4 QPUs in each rack. Note that this multi-
rack quantum data center network is also one of the designs
of Cisco’s QDCN [35].

Fig. 11 shows an instance of resulting topology of the
QDCN by our proposed algorithm for QFT-1024. The squares
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Fig. 12. Communication cost is reduced by more ports allowed at each QPU
(i.e., denser resulting topology) in QDCN.

are switches and dots are QPUs. In this experiment, each QPU
has at most 2 ports (i.e. ni = 2), similar to the setting in
[33]. We are also interested in the case where each QPUs has
more ports. We test the 1024 qubits version of three quantum
algorithms, given the port number on each QPUs varies from
2 to 4. Fig. 12 shows the results. As expected, with more
ports allowed the resulting topology is denser which lead to
communication cost reduction in the objective values. We can
see that there is around 20% cost reduction by increasing the
port number from 2 to 3, while there is only marginal reduction
when increasing from 3 to 4. This may suggest that too many
interfaces are not necessary for reducing communication cost.
However, this depends on the payload or traffic pattern of
quantum algorithms in QDCN. With more quantum algorithm
payload, denser topology may be needed.

VII. CONCLUSION

In this paper, we first formulate a tractable integer nonlinear
programming problem for a joint optimization of network
topology and qubit allocation in distributed quantum comput-
ing. This simple formation allows the entanglement paths are
explicitly incorporated into the joint optimization. We then
further convert the original problem into an equivalent but
partially linearized version so that it can be solved more
efficiently by classical optimization solver. To tackle the
scheduling of larger-scale quantum circuits, we further propose
heuristics from contracting edges in qubit interaction graph
to pre-assign grouped qubits to QPUs so that the proposed
optimization problem can be solved effectively. Simulations
over real-world quantum circuits on various DQC settings
confirm that 1) the partially linearized formulation is more
efficient to solve with reduced total communication costs, 2)
both edge contraction and pre-assignment can help to solve
larger quantum circuits, and 3) the proposed joint optimization
can be applied to various quantum applications (both DQC and
QDC).

We leave further investigation on (1) how to solve the opti-
mization more efficiently than directly using the solver, (2) ex-
tending the optimization formulation to consider time depen-
dency among quantum gates [36], [46], circuit transformation
[47], or remote-gate scheduling [48], and (3) jointly modeling
local physical-qubit connectivity, the placement of commu-
nication qubits, intra-QPU routing, and communication/data-
qubit or quantum-channel resource adjustment. Other impor-

tant extensions include accurate models of stochastic entan-
glement generation and swapping, fidelity evolution, latency,
throughput, retry scheduling, and failure recovery.
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