1
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In this supplementary material, we provide the fidelity formulas of swapping and purification in noisy Werner system,
and formally prove Lemmas 2 and Theorem 3.

Swapping and Purification in Noisy Werner System

The fidelity of the output pair of a swapping functions S,, on the two input entangled pairs with f; and f> fidelity in noisy
Werner systems can be modeled as follows [14, 23]

1 30[10[2 47]2 -1 4f1 —1 4f2 -1

n _ 4
Here, a1, a2, 1) represent the fidelity of 1-qubit, 2-qubit, and BSM gates used for noisy Werner systems.
Define p = ay X ag and ¢; = (1 — f;)/3, then the success probabilities of purification are given by [14, 15, 44, 47]
1— 2
Pr{P2} = p[1? + (1= 0)2)(fifo + fin + b1fo + 5d162) + 20%0(1 —0)(2f102 + 2fado1 + A1) + —L—. (41

We can see that they are related to the fidelity of input entanglements. The fidelity of output entanglement of purification
is defined as [14, 15, 44, 47]
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where A(f1, fa,p,1) = [0* + (1= 1°)](f1fz + $162) + 2n(L = 0)(frd2 + fogr) + 55

Proof of Lemma 2

We prove Lemma 2 by showing that a transformation from PRR to SRR (as shown in Fig. 1) can increase its fidelity and
reduce cost at the same time. Here we only prove for a single step, where the node P is pushed one level down in the PRR.
However, such steps can be repeated until the PRR changes to an SRR. Suppose the fidelity and expected cost of subtrees
A, B, C, and D (in Fig 1) are fi, f2, f3, f4 and ¢, c2, c3, ¢4, respectively. We now prove the fidelity part first, and then the

cost part.
(a) before transformation (b) after transformation
Fig. 1: Transformation from PRR to SRR.
Fidelity Part of Lemma 2

We first prove the transformation increases the fidelity, i.e.,

Sp(Pp(flv f3)7pp(f27 f4)) > Pp(Sp(flv f2)a Sp(f?n f4))~ (43)

Be aware that the two ‘S’ subtrees in Fig. 1(a) should be the same. If not, either one of them is not optimal or both are
optimal. For both cases, we can simply adopt the optimal subtree to the other, so that both subtrees are the same. However,
we still keep their fidelity different in this proof as it is a more general case, which might be useful for future analysis.

Let s;; = fif; + (L — f;)(1 — ;) = f:f; + fifj, then according to the definitions of S, and P,, Equ. (43) is

fifofsfa+ fifafafa - 512534

513524 $12834 + (1 — 512)(1 — s34)




After a few simplifications, it becomes

(ILfi) (1 — s12)(1 — s34) + (ILfi) (1 — s12)(1 — s34) > s12834f1 f3fofa + s1283afofafr f5.

There are still more than 20 terms in this inequality after further expansion. Let Ly, Ly, Ry and Rj be the left and right
terms of this inequality. We need to prove L; + Ly — Ry — Ry > 0.
We can further simplify these four terms to get

Ly = 10f; — (ILf;) fafa — (ALf;) fafa — (ILfi) fo fo + (L) + (ALfo) fufofafa — (Lf) fufo + (ALf) fifafofa + (ILf) (IL;).
Ly =11f; — (If;) fafa — (ILf) (Fsfa — (ILf) fofo + (TLf) (ILf) + (ILF3) fifo fafa — (ILF3) fife
+ @1 = f) (1 = A1) = fo) fafa +TI(1 = f3).
WS fifsfefo + [2fafsfofs i + ff2 fufi o Fa+ (UF) fufsfafu.
f) fofafifs + fif2fafifs Fa+ fofafifi’ fofs + (UF) fofafu fo.
j) and R;(j) denote the jth term of L; and R;, respectively. We can further define

= (

= (
Let L;(j

Ty = —Rao(1) + L1(9), To = —Ra(4) + La(5),

Then, we want to prove
Ly +Ly—R; — ZT+ Z (L1 (i) 4 La(i)) > 0.

We now combine and simplify the following terms
Ty +Ts =(ILf;)(fa + fa — 1)(f1 + f3 — 1),
To+ T =) (fr + f3— 1) (f2+ fa— 1),
Ts+ Ty +Tr + Ts =(f1fofsfa+ fafafife)(fi + fs — D) (fa+ f2 — 1).

We can then show
Li+Lo—Ri =Ry = —(f1 = f3)(fo— fa)(frfo+ Frfo) (fafat fafa) + (i fafs fat fafafifo) (frfo+ Fufo+ fafat fafa—1).
Replacing all f; with g; = f; — %, we have
Li+Ls— Ry — Ry

1 1 1 1 1
5)(29394 + 5) + [—5 (91 + 92)(93 + 94) + 2(g192 + ) (9394 + 1)](29192 +29394)

2 2 2 4
1 1 1 1
249293(1 - 9%)(1 -9+ 49194(1 - 93)(1 —93)-

=— (91 — 93)(92 — 94)(29192 +

Since g; € (0,0.5) (due to f; € (0.5, 1)) — g2 > 0. Therefore, L1 + Ly — Ry — Ry > 0, i.e., Equ. (43) holds.

Cost Part of Lemma 2
We need to prove the cost is reduced or kept the same after the transformation (in Fig. 1), i.e

c1tcg + cotcq c1tca cztcq
Pr{Pp(f17f3)} Pr{Pp(f2xf4)} < PT{SP} Pr{sp} . (44)

Pr{SP} Pr{Pp(Sp(flaf2)7Sp(f3af4))}

Bringing in s;; and expanding the probabilities, we need
01+C3+CQ+C4< Zci .
513 S24 512534 + (1 — 512)(1 — 834)

Replacing all f; with g;, we have

¢+ c3 co+ ey >

29195+ 1/2 " 2gog4 + 172~ 8M(gy) + 1/2°
To prove the last inequality, we need
c1+c3 < c1+c3
20193 +1/2  8Ml(gi) +1/2

< 8II(g;) +1/2 < 29193 + 1/2 < gogs < 1/4,

d
an Co +Cy < Co +cy
29294 +1/2 ~ 8M(g;) +1/2

Again since g; € (0,0.5) (due to f; € (0.5,1)), both g193 < 1/4 and g2g4 < 1/4 hold. Therefore, Equ. (44) holds.

= 0193 < 1/4



Proof of Theorem 3

We prove that the swapping node in TREE cannot be more efficient than its two children at the same time. We prove it
by contradiction: assuming that both children of a swapping node are less efficient (so the swapping node is selected to
purify), we can derive infeasible conditions. That is, at least one child is more efficient so that child (or its descendant) is
selected to purify. To elaborate the proof, we first introduce more detailed notations. First, instead of solely using §(A) to
denote the efficiency of purifying the node A, we need to further point out the target node. By default, it is usually the root
R. Now, we use §( ), defined as
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where G (%) is the gradient of fidelity of node A with respect to the node R, and A (%) is the fidelity change of node R
after purifying node A. Similarly, given that node B is a child of node 4,
sy A ATBIG ()
B" AdF)  AL(B)G(3)

By the chain rule, given A is a SWAP node,
R R A R R A
= GE(%), Ge(5) = G(5)G5(5).
2= GG (), Gelg) = Ge(EE (%)
To lead to the contradiction, assuming both B and C' (two children of A) are less efficient. To make B less efficient than
A, we need

Gr(5) = Gy(

5(5)
i "
A NG (X)) AZBIGAE) _
AZ(AG(F) AF(BIG(5) ~
AT(A) ALBGEE) _
AP(A) AT(BIGH(3)

By definition, we know that G (4) = Pr{S:}, G?(%) =2fc—1,AF(4) = m — fa, AP (A) = ﬁ -

2
ca, A]If(B) = W — fp,and AP (B) = % — ¢pg. Therefore, we need

A fi 2cB 2ca I&
R e e Ay (e 1 L LY+ B (e YL/ (LR

By multiplying [fa + (1 — fa)?][f + (1 — fp)?] at both sides and substituting f; by g; + 3, we need

1 1 1 1 1 1 1 1
Pr{S;H(ga+5)" = (9a+5) (204 + )25 — en(205+ )] > (200) (95 +5)* — (95 + 5) (205 + 3))[2ea —ca(205 + 5)],
ie., 5 5

1 1
Pr{S;?}(Q - 29%)(5 —29%)cp > (5 - 29123)(5 —2g%)ca
Since g4 = 29pgc, we need
3 1 3 CA
PT{SA}(* BgC)(2 29%) — (5 - 293)( — 89%96)— P > 0.
Replacing ca by £5 { < A} and multiplying Pr{S; ‘11 at both sides, we have
3 1 3 cB +cc
Pr{5;'}? (* — 89598)(5 — 205) — (5 — 205)(5 — 89B92) > 0.
We use zp to denote the left hand side.
Similarly, we have z¢ for node C as
3 1 3 cg + co
20 = Pr{S}}? (* = 89590) (5 — 208) — (5 — 208)(5 — 8992) :

For zp, it is obvious that at the left hand side, the first term is positive and the second one is negative. Since Pr{S A} €
[1,1], if Pr{S; /11 = 1 cannot satisfy the inequality, then any other value of Pr{SA} within this range cannot satisfy the
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inequality as well. Here, it is safe to assume that Pr{SZ‘,“} = 1 and latter we will see that the inequality still cannot be
satisfied. Then from zg > 0, we have

(% - 89%9%)(% —2gp)cp > (% - 29%)(% —89592)(cs + cc) (45)
e > Sehoen + (5 — 20)(5 — Seho)ec o)

295cp(1 — 492) > (% - 29%)(% ~ 8gh9¢)cc 47)

en > (5~ 203)(5 — 8ghot)ec /2051 — 42) (49)

The last step holds due to Vgc € [0, 1], then (1 —4g2) > 0, 29%(1 — 4g2) > 0. Eq. (48) shows the lower bound of c¢p. Then
apply the same steps to z¢ (except the last one), we can obtain similar result to Eq. (47),

1 3
29¢8co(l —4gh) > (5 - 29?;)(5 — 89B9¢8)cB (49)

Then we can plug the lower bound of cp in Eq. (48) into Eq. (49) to eliminate cg and c¢. The rationale is that if the lower
bound of cg cannot make the inequality stand, then it would not be true anyway (as both sides are positive).

1 3 (2 —2¢%)cc
> —202)(5 —89398) 2

—~

29¢co(l — 4gh) >

2 2 29%(1 — 4g2.)
1 3
298(1 — 49%)29%(1 — 498) > (1 — 492)(5 — 8gBge) (1 — 4gB)
1 2
3 ) 3
169598 > (= — 89B98)° ie., [4gpgc| > |(5 — 89%98)
2 2
so either
3
dgpge > 3 — 89308 (50)
or
3
dgpge < =(5 = 89B92)- (51)

But (51) is always false because the left hand side is positive and the right hand side is negative. Solving (50), we can
get gpgc > % or gggc < f%, which is impossible. Therefore, even we have relaxed Pr{SI‘;‘} and cp in the way favorable
to the inequalities set, it still cannot be true. That means that at least one of zp < 0 and z¢ < 0 should be true, so at least

one of the nodes B and C are more efficient than A.



